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A spatially two-dimensional mathematical model of microfluidic biosensor for immunological de-
termination of human immunoglobulin G (IgG) with the use of Protein A (PA) immobilized on the
internal walls of a microchannel is presented. Convection flow in the microdevice is induced by an
imposed difference of electric potential (electroosmosis). In the model, the electroosmotic convection
is described using the slip boundary conditions that can be defined by the Helmholtz—Smoluchowski
equation.
Incubation phase (formation of the immobile PA—IgG complex) of the immunoassay has been
studied. Effects of the antibody concentration in a sample, the imposed difference of electric poten-
tial, the surface heterogeneities in the reaction zone, and other model parameters on the saturation
time were determined.
It was found that the surface heterogeneities could form complex velocity fields at the location
of the adsorption zone: either an intensive flow at the microchannel walls or the nozzle-like flow.
Generally, the local acceleration of the flow causes the decrease of the mass-transfer resistance.
Further, imposed electric field of a proper orientation was able to shorten the incubation phase
to 600 s, assuming the microchannel device with the diameter of 100 µm and the chosen reaction
kinetics. Hence, the incubation phase could be substantially reduced enabling, e.g., fast diagnostics.
Simulation of the effects of the antibody sample concentration revealed good qualitative agreement
with experimental data obtained in a similar microfluidic device (published by Dodge et al., Anal.
Chem. 73, 3400 (2001)).

The last decade brought many interesting appli-
cations of microtechnology in the area of chemical,
biochemical, and biological systems. One of the most
studied problems is the detection, amplification, and
sequencing of DNA or RNA strands. For example,
Mitnik et al. [1] reviewed the use of capillary elec-
trophoresis in microchips for DNA sequencing that
can substantially accelerate the genome analysis. Re-
cently, Slater et al. [2] described new possibilities of
fast and efficient DNA strand separation in microflu-
idic devices. El-Ali et al. [3] developed PCR microchip
on the polymer SU-8 platform for fast amplification of
DNAs. The PCR procedure requires fast and control-
lable temperature changes that can be in microchips
provided due to extremely high value of the internal
surface to volume ratio. Currently, numerous research
groups investigate microarrays and microfluidic chips
for protein screening (e.g. the screening of antibod-
ies). Glökler and Angenendt [4] recently reviewed the

progress in the development of microfluidic platform
for the protein detection in diagnostics, proteomics,
and therapeutics. Main reason for the use of microde-
vices for biochemical applications is the high cost of
pure reagents (e.g. antigens and antibodies) and sub-
stantially reduced time of the assays (mostly in diag-
nostics and genomics) [5, 6].
Heterogeneous immunoassay in microstructures is

also intensively studied. Recently, Yakovleva et al. [7]
reported an investigation of immunosensors with im-
mobilized proteins A and G for the detection of im-
munoglobulins G. The microchip design enables re-
generation of the antigen-binding sites and repeated
use of the microchip for the period of 8 months.Wang
[8] discussed possible use of immunomicrofluidic plat-
forms for the detection of weapons of mass destruc-
tion. Lin et al. [9] and Song and Vo-Dinh [10] devel-
oped heterogeneous microchip systems for immunolog-
ical detection of Helicobacter Pylori and Escherichia
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coli, respectively. Lin et al. [9] found that the required
volumes of expensive reactants were 100-fold less than
those of conventional immunoassay systems. Song and
Vo-Dinh [10] also stressed the advantages of their plat-
form: low cost, compactness, possible reuse, and regen-
eration.
The electrokinetic transport (electrophoresis and/

or electroosmosis) is often used in microchips instead
of the classical pressure-driven flow [11—15]. When
an electric charge is bound on the microchannel walls,
an imposed electric field can induce convective flow
of an electrolyte in the microstructure. However, the
electroosmotic mobility strongly depends on proper-
ties of the microchannel material and the electrolyte
composition [16], e.g. the electroosmotic convection lo-
cally varies when macromolecules bind to the surface.
Then, changes in the electric charge distribution could
be observed [17].
As the fluid control is a crucial element of the mi-

crofluidic devices, a number of models of the electroki-
netic flow have been proposed [18]. Dutta and Beskok
[19] found that the slip boundary approach (based on
the Helmholtz—Smoluchowski equation) brings only a
several percent error in the solution of Navier—Stokes
and continuity equations. However, description of the
processes in a microchannel is substantially simplified
as the effects in the electric double layer could be ne-
glected. Numerical calculations of the electroosmotic
flow on the T microchannel geometry were reported in
[20, 21] and on the cross-shape geometry in [22, 23].
In this work, a mathematical model of the spa-

tially two-dimensional microchip with complex geom-
etry for heterogeneous immunoassay was developed.
The model equations describe the distribution of ve-
locity, pressure, electric potential, and concentrations
of a soluble antibody and bounded antigen—antibody
complex in the proposed microchip. As a model bio-
chemical system protein A (PA)—immunoglobulin G
(IgG) assay was considered. PA specifically binds to
IgG, which is widely used to detect immunoglobulins.
Corresponding kinetic and transport data were taken
from [17].
Main goal of this study was to develop a multi-

physics mathematical model that would be useful for
the prediction and verification of physical and chem-
ical processes inside a complex microchannel struc-
ture with different characteristic dimensions (e.g. mi-
crochannel diameter and length) and for a fast biosen-
sor design. A number of papers have already dealt ei-
ther with the problems of convective and/or electroki-
netic transport in microfluidic devices or with the ex-
periments focused on immunoassays in such devices.
Presented model combines both these areas with the
use of physical and chemical description of the pro-
cesses inside the microstructure and experiences re-
ported in the experimental immunoassays [7, 17].
A systematic study of the effects of transport, ki-

netics, and other parameters on the dynamics of the

heterogeneous PA—IgG immunoassay was carried out
to determine model parameters, for which a short in-
cubation period could be obtained. Moreover, qualita-
tive comparison of received results with the reported
experimental data is presented.

THEORETICAL

Microchip comprising four arms for the introduc-
tion or removal of antibody samples, buffers, and re-
generative solutions and one central channel was con-
sidered (Fig. 1). There was an active layer of the im-
mobilized antigen situated in the middle of the central
channel. When the solution of sample containing the
antibody (IgG) was brought into the contact with the
layer of immobilized antigen (PA), formation of the
antigen—antibody complex started. Direction of the
convection flow of solution was controlled electroki-
netically by an external electric field imposed on the
chosen reservoirs (Fig. 1).
Potentially, microsystems can be integrated into

microanalytical systems using heterogeneous immuno-
assay. The zone of the immobilized antigen or an-
tibody is defined as the zone of the detection. The
side channels serve for the introduction of chemi-
cal/biochemical components to the reaction/detection
zone. Typical immunoassay protocol consists of sev-
eral steps, e.g. washing, introduction of a primary
antibody and antigen—antibody complex formation,
washing, introduction of a secondary antibody and in-
cubation, washing and detection. Each component of
the immunoassay (buffers and antibodies) is placed in

 

 

 

 

 + 

_ 

W

B

B

S

R

R
I

I

2 22 lR=2 2

2 
d = 0.1 

x 
y 

2 
II

I

I

Fig. 1. The scheme of the microchip for heterogeneous im-
munoassay. The width of all channels is d = 100 µm
and the length of the reaction zone with the antigen-
binding sites lR = 2 mm. Dimensions of the other parts
of the microchip are shown in millimeters. The arrow in-
dicates the direction of the convection flow in the incu-
bation phase. The symbols S, W, B, R, and I denote the
sample reservoir, the waste reservoir, the buffer reser-
voir, the walls of the microchannels with the immobi-
lized antigen, and the inert walls (without the antigen),
respectively. The orthogonal x—y system is considered
as coordination system.
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a special reservoir that is connected with the reaction
zone by a special arm. The detection can be carried
out, e.g. by means of fluorescence or surface plasmon
resonance methods.
During the incubation period, i.e. formation of im-

mobile PA—IgG complex, fully developed field of flow,
pressure, and electric potential was assumed. Small
variations of the antibody concentration in different
parts of the microstructure should not affect the ve-
locity field significantly. Then, the equation of the
momentum conservation and the continuity equation
could be written in the following form

ρv · ∇v = −∇p+ µ∇2v ∇ · v = 0 (1)

where ρ represents liquid density, µ is dynamic vis-
cosity of the liquid, v is velocity vector and ∇p is the
pressure gradient.
Instead of the electric body force, the slip boundary

conditions on the microchannel walls, i.e. the nonzero
velocity on these boundaries was considered. The slip
boundary conditions are defined by the Helmholtz—
Smoluchowski equation [16]

v = −εζ

µ
∇Φ ≈ −µeo∇Φ (2)

where ε is the environment permittivity, µ is the dy-
namic viscosity of an electrolyte, ζ is the zeta poten-
tial, ∇Φ is the local gradient of electric potential, and
µeo is the electroosmotic mobility coefficient.
Then, the velocity and the pressure boundary con-

dition can be written as

v |I, S = −µeo∇Φ |I,S v |R = −µeor∇Φ |R

v |B = 0 p|W = 0 (3)

Indices used in the boundary conditions corre-
spond to the notation of Fig. 1.
As the electric conductivity is approximately con-

stant in the entire microstructure (it is given by the
carrier electrolyte of the sample; the antibody contri-
bution to the overall conductivity is negligible), distri-
bution of the electric potential is given by the solution
of the Laplacian

∇ · ∇Φ = 0 (4)

Electroosmotic transport is induced by the poten-
tial difference ∆Φ between the sample (S) and the
waste (W) compartments and the other boundaries
(B, I, R) are considered to be electric insulators

∆Φ = Φ |S − Φ |W n · ∇Φ |I,R,B = 0 (5)

where n is the normal vector.
The distribution of IgG can be evaluated from the

mass balance, where the total flux of the antibody

JAb is given by the sum of convection, diffusion, and
electromigration fluxes

∂cAb
∂τ

= −∇ · JAb

JAb = vcAb −DAb∇cAb − zAbDAbF

RT T
cAb∇Φ (6)

where symbols cAb, τ , DAb, zAb, F, RT , and T rep-
resent antibody concentration, time, antibody diffu-
sivity, antibody charge number, Faraday’s constant,
molar gas constant, and temperature, respectively.
Dirichlet boundary conditions on the inlets and the

outlets of the system, i.e. a constant composition of
the electrolytes, were assumed. Zero IgG flux was con-
sidered on the internal walls except the reaction zone,
where the IgG—PA complex (C) was formed accord-
ing to the scheme

IgG + PA
kc←−−−−−−−−→ C (A)

Then, the boundary conditions could be written as

cAb |S = cAb,S cAb |W,B = 0

n · JAb |I = 0 n · JAb |R = −rc (7)

where the rate of the complex formation, rc, is defined
as

rc = −kc [Kdcc − cAb |R (cAg,tot − cc)] (8)

where the symbols kc, Kd, and cAg,tot denote the ki-
netic constant of IgG—PA complex formation, the
equilibrium dissociation constant of the IgG—PA
complex, and the total surface concentration of PA,
respectively. Eqn (8) arises if the equation for dissocia-
tion equilibrium of the IgG—PA complex Kd = kd/kc
and the relationship for the total surface concentration
of the immobilized antigen cAg,tot = cAg + cc are sub-
stituted into the basic kinetic equation of the complex
formation rc = kccAbcAg − kdcc. Here, cAg represents
the surface concentration of the free antigen and kd is
the kinetic constant of the IgG—PA complex dissoci-
ation.
The surface concentration of the IgG—PA complex

is then given by
∂cc
∂τ
= rc (9)

The microchip free of the antibody and the
antigen—antibody complex is considered as an initial
condition for the dynamic simulations. The parameter
values used in simulations are summarized in Table 1
and in the figure captions.
Eqns (1), (4), (6), and (9) together with the

boundary conditions (3), (5), and (7) form the math-
ematical model of the incubation phase of the im-
munoassay in the microchip. Both steady-state and
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Table 1. Model Parameters

Parameter Value

Diameter of the microchannels, d/m 1 × 10−4
Dimension of the zone with the immobilized antigen, lR/m 2 × 10−3
Faraday’s constant, F/(C kmol−1) 9.6487 × 107
Antibody—antigen complex dissociation constant, Kd/(kmol m−3) 2.53 × 10−3
Molar gas constant, RT /(J kmol−1 K−1) 8.314 × 103
Temperature, T/K 310
Antibody charge number, zAb 0
Electrolyte viscosity, µ/(Pa s) 6.92 × 10−4
Electroosmotic mobility at the inert microchannel walls, µeo/(m2 V−1 s−1) 1 × 10−8
Electrolyte density, ρ/(kg m−3) 1 × 103

Fig. 2. Effects of antibody concentration in
the sample. a) Dependence of the nor-
malized PA—IgG complex concentra-
tion on the antibody concentration in
the sample at time 360 s. b) Depen-
dence of the saturation time on the
antibody concentration in the sample.
Other parameter values are ∆Φ = 100
V, µeor = 1 × 10−8 m2 V−1 s−1, DAb
= 4 × 10−11 m2 s−1, kc = 3.952 × 103
m3 kmol−1 s−1, cAg,tot = 1 × 10−10
kmol m−2.

nonstationary analysis have been carried out by means
of the standard Matlab/Femlab solver based on the fi-
nite element method. Using this software, the steady-
state distribution of velocity, pressure, and electric
potential for the chosen set of parameters was com-
puted. The results of the steady-state analysis to-
gether with the concentrations of IgG and IgG—PA
complex, which were set to zero, were used as the
initial condition for the dynamic simulation of the
antigen—antibody complex formation.
Auxiliary variables were defined in order to quan-

tify the parametric studies. Spatially averaged and
normalized dimensionless complex concentration was
defined as

c∗c ≡ (1/lR)
∫

R

(cc/cAg,tot)dx (10)

where lR is the length of the reaction zone and τ90
is the saturation time, at which the average PA—
IgG complex concentration reaches 90 % of the total
concentration of the immobilized antigen (c∗c = 0.9).
The dimensionless concentration c∗c can be simply con-
nected to the experimentally observed quantities. For
example, the intensity of a fluorescence signal from
the reaction/detection zone is proportional to the to-
tal amount of the formed antigen—antibody complex.
The surface complex concentration or the total num-
ber of the formed complex molecules can be directly
computed from knowledge of c∗c and the surface con-
centration of the immobilized antigen.

RESULTS AND DISCUSSION

The incubation phase of the immunoassay was car-
ried out in a specified time period that was the same
in all experiments in order to quantify the amount of
the antibody in the sample solution. Dodge et al. [17]
studied the dependence of the intensity of the fluores-
cence signal on the antibody concentration in the sam-
ple after the incubation period lasting 200 s. In this
study, very similar behaviour was observed for the in-
cubation period equal to 360 s (Fig. 2a). As intensity
of the expected signal is proportional to the spatially
averaged IgG—PA complex concentration, the curve
presented in Fig. 2a represents a typical calibration
curve for the quantitative immunoassay.
The dependence of the saturation time on the anti-

body concentration in the sample is shown in Fig. 2b.
Saturation time decreases with the growing concen-
tration of the antibody in the sample as the sys-
tem shifts from the transport-limited to the reaction-
limited regime. Parametrical study presented in Fig. 2
reveals that the incubation phase of the immunoassay
will not exceed several hundreds of seconds for the
proposed arrangement and for typical parameters of
the PA—IgG interaction.
At given conditions, the growing electric field in-

tensity accelerates electroosmotic transport of parti-
cles and therefore also the complex formation. The
dependence of the normalized PA—IgG concentration
on the imposed electric potential difference at a time
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Fig. 3. Effects of magnitude of the imposed
electric field. a) Dependence of the
normalized antibody—antigen comp-
lex concentration on the imposed dif-
ference of electric potential at time
600 s. b) Dependence of the saturation
time on the imposed difference of elec-
tric potential. cAb,S = 1 µM and other
parameters are the same as in Fig. 2.

Fig. 4. Dependence of the spatially averaged complex concen-
tration on the product of the total concentration of the
immobilized antigen and the antigen-antibody binding
constant 600 s after the start of the incubation. cAg,tot
= 1 × 10−10 kmol m−2 (dotted line), kc = 1 × 104
m3 kmol−1 s−1 (solid line). cAb,S = 1 µM and other
parameters are the same as in Fig. 2.

of 600 s is plotted in Fig. 3a. For ∆Φ/V < 101,
the convective transport of the antibody molecules
from the sample reservoir is too slow to reach the
antigen-binding sites within the chosen time interval
of 600 s. On the other hand, for the potential differ-
ence ∆Φ/V > 102, the reaction equilibrium is nearly
reached during the chosen time period. That means
that the choice of the electric potential difference may
drastically affect the time course of the immunoassay
and the result of a prospective experiment.
Dependence of the saturation time on the applied

potential difference is shown in Fig. 3b. For lower po-
tential differences ∆Φ/V ∈ 〈

10−1, 101
〉
, the saturation

time decreases (numerical value of the slope is ≈ −1 in
the logarithmic plot) with the increase of the electric
potential difference. For larger differences of electric
potential the curve asymptotically approaches a finite
rate of the PA—IgG complex formation (≈ 600 s).
Influence of both, concentration of the immobi-

lized antigen and the rate constant of the antigen—

antibody complex formation on the attainability of the
saturation level of the antigen-binding sites is oppo-
site each other (Fig. 4). The growing concentration of
the antigen caused a decrease of the saturation level
within a selected time of the immunoassay as the num-
ber of free binding sites was increased. Conversely,
when the value of kinetic constant of the complex for-
mation was increased, the saturation level increased
as the immobilized antigen firmly bonded to the anti-
body molecules. Both, antigen concentration and rate
constant of the antigen—antibody complex formation
may be varied within an order of several magnitudes
during an immunoassay. Hence, a suitable concentra-
tion of immobilized antigen has to be considered for a
particular immunoassay in order to avoid an increase
of the time requirements of the incubation phase.
Electroosmotic mobility depends both on the elec-

trolyte properties and the character of the internal
surface of the microchannels. The antigen immobi-
lization in the reaction zone can locally modify the
ζ-potential and thus the value of electroosmotic mo-
bility coefficient.
First, the steady-state distribution of velocity and

pressure in the microdevice for selected values of elec-
troosmotic mobility in the reaction zone was evalu-
ated. The detail of the received velocity streamlines
between two plates that form the reaction zone is
plotted in Fig. 5. Then, the evolution of distribution
of antibody concentration in the microchip was com-
puted. Details of antibody concentration distributions
between the two plates with the immobilized antigen
for different values of the electroosmotic mobility coef-
ficient calculated at the time of 80 s from the sample
solution introduction into the microchip are plotted
in Fig. 6. The antibody distributions are not axially
symmetric because the inlet of the sample from the
S microchannel to the central channel breaks spatial
symmetry of numerical solution (Fig. 1).
After the protein immobilization, density of the

bound negative charge could be higher in the reaction
zone than on the remaining microchip walls. There-
fore, the velocity close to the microchannel walls would
be higher in the reaction zone. Consequently, the back-
flow of the electrolyte would be observed in the cen-
tre of the microchannel (Fig. 5a). Thus, the antibody
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Fig. 5. Velocity streamlines at the location of the immobilized
antigen in the steady state. a) µeor = 1 × 10−7 m2
V−1 s−1, b) µeor = 1 × 10−8 m2 V−1 s−1, c) µeor =
0 m2 V−1 s−1, d) µeor = −1 × 10−7 m2 V−1 s−1. ∆Φ
= 100 V.

a 

c

b 

d

R – zone, immobilized PA 

Flow direction 

Fig. 6. Distribution of antibody concentration at the location
of the immobilized antigen at time 80 s after the intro-
duction of the sample solution. a) µeor = 1 × 10−7 m2
V−1 s−1, b) µeor = 1 × 10−8 m2 V−1 s−1, c) µeor = 0
m2 V−1 s−1, d) µeor = −2 × 10−8 m2 V−1 s−1. Other
parameters are cAb,S = 1 µM, ∆Φ = 100 V, DAb = 1
× 10−11 m2 s−1, kc = 3.952 × 103 m3 kmol−1 s−1,
cAg,tot = 1 × 10−10 kmol m−2. White areas depict re-
gions with a high antibody concentration. Black areas
mean the space free of antibody. The arrows show flow
direction in a part of the microchannel.

particles principally approach the walls with immobi-
lized antigen, i.e. the binding sites for the antigen—
antibody complex formation (Fig. 6a).
The velocity and the IgG concentration fields for

Fig. 7. Dependence of the saturation time on the electroos-
motic mobility coefficient in the reaction zone. Other
parameters are the same as in Fig. 6.

the homogeneous distribution of negative charge in
the entire microstructure (µeo = µeor) are plotted in
Figs. 5b, 6b.
Due to the immobilization of macromolecules on

the microchannel walls, the density of the bound neg-
ative charge can decrease. Figs. 5c and 6c present com-
puted distribution of the velocity and the IgG concen-
tration for the electroosmotic coefficient equal to zero
at the location of the immobilized antigen. The veloc-
ity profile corresponded to a typical parabolic shape
for the pressure-driven convection with zero velocity
on the walls of the reaction zone. Intensity of the an-
tibody molecules transport to the microchannel walls
decreased as it was driven by the diffusion only.
If a chemical modification or the immobilization of

the antigen in the reaction zone results in the accu-
mulation of the positive charge on the channel walls,
the reaction zone works like a nozzle. The backflow at
the channel walls causes an increase of the convection
velocity in the centre of the channel (Fig. 5d). Hence,
the antibody molecules do not reach the microchan-
nel walls with immobilized antigen situated closer to
the sample inlet. However, the backflow at the chan-
nel walls returns the antibody molecules back to the
antigen-binding sites (Fig. 6d).
The dependence of the saturation time on the elec-

troosmotic mobility coefficient has a nonmonotonous
character (Fig. 7). The shortest time to saturate nega-
tively charged active zone was necessary when the den-
sity of the bound negative charge was high (e.g. µeor
= 1 × 10−7 m2 V−1 s−1) due to the fast convection
flow near the channel walls. The maximum saturation
time was observed for µeor = −1 × 10−8 m2 V−1 s−1.
However, when the electroosmotic mobility coefficient
was further decreased (e.g. µeor = −1 × 10−7 m2 V−1

s−1), saturation time was reduced again. This effect is
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caused by the intense backflow that returns free an-
tibody molecules directly to the microchannel walls
where the PA-binding sites are quickly occupied.
The developed mathematical model can be used for

numerical analysis of geometrically different systems
frequently occurring in microfluidics. There is a limi-
tation of the model if the diameter of the microchannel
is less than several microns. Then the processes close
to the electrically charged channel walls cannot be
neglected and the Helmholtz—Smoluchowski approxi-
mation used in this model is unacceptable. Most of the
heterogeneous immunoassays are carried out at similar
conditions – pH, buffer concentration, temperature,
etc. However, there are large variations in the surface
concentrations of proteins and in the values of kinetic
and equilibrium parameters. Effects of these param-
eters can be simply studied by means of this model.
Hence, the mathematical model can be used for large
parametrical studies of particular immunoassay sys-
tems. Geometrical, kinetic, concentration, and trans-
port parameters can be tested. Arrangements suitable
for experimental studies can be then selected.
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